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Fuchsian partial differential equations
(Takeshi MANDAI)
Abstract: My talk is concerned with the construction of and
the structure of all the solutions of homogeneous Fuchsian partial dif-
ferential equations in the sense of $\mathrm{B}\mathrm{a}\mathrm{o}\mathrm{u}\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{i}- \mathrm{G}\mathrm{o}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{o}\mathrm{u}\mathrm{i}_{\mathrm{C}}([1])$ . Especially,
we construct solutions, without any assumptions on the characteristic
exponents, along the same line as the classical method of Frobenius to
ordinary differential equations. Similar arguments can be applied to
Fuchsian hyperbolic equations considered by H.Tahara([4], etc.).
1
1 $\triangle\tau:=\{t\in C||t|<T\}(T>0)$ , $t–0$
.
$P=P(t, D_{t})=t^{m}D_{t}^{m}+a_{1}(t)tm-1Dlm-1+\cdots+a_{m}(t)$ , (1.1)
$m\geq 1$ , $a_{j}\in \mathrm{t}9(\triangle\tau)$ ,
, $D_{t}:= \frac{d}{dt}$ , $\mathit{0}(\Omega)$ $\Omega$ .
$C(\lambda)=^{c[}P](\lambda):=(\lambda)_{m}+.a1(0)(\lambda)_{m-}1+.\cdot-\cdot\cdot+am(0\rangle=t-\lambda P(t)\lambda|_{t=0}$
$\lambda$ , $P$ (indicial polynomial) . , $(\lambda)_{k}$ $:=$
$\lambda(\lambda-1)\ldots(\lambda-k+1)$ . , $C(\lambda)=0$ , $P$ (characteristic
exponent., characteristic index) . $\theta:=tD_{t}$ , $(\theta)_{k^{--t}}kD_{t}k$
, $C(\theta)=t^{m}D_{t}^{m}+a_{1}(0)tm-1D^{m}t-1+\cdots+a_{m}(0)$ .
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, $\{\lambda_{l}\}_{l=1}^{m}$ . (
$0$ , , 1
.) , $S_{\infty,T}:=\Delta_{T}\backslash \{0\}(\triangle\tau\backslash \{0\}$ (universal
covering)) $Pu=0$ , $u(t)= \sum_{1l=}t^{\lambda_{l}}\sum^{\infty}u_{l}mj=0’ jt^{j}$ .
, $l$ $u_{l,0}$ , $u_{l,j}(j\geq 1)$
$C(\lambda_{l}+j)\cross u_{l,j}=$ [ Terms determined by $u_{l,0},$ $\ldots,u_{l,j-1}$ ] (1.2)
– . $C(\lambda_{l}+j)\neq 0$ .




, . , } 0g $t$
. , $u= \sum_{l=1}^{d}t^{\mu \mathrm{t}}\sum_{j=0}^{\infty}u\iota_{j(},t$ ) $tj$ . , $u_{l,j}(t)=$
$\sum_{k=0}^{r\iota,j}u_{l,j},k(\log t)^{k}$ $(\log t)$ , $\{\mu_{1}, \ldots, \mu_{d}\}$
. ( , 2 , $\log t$
, , $\log t$ .) $r\iota,0$ $[\mu_{l}$
]-1 , $t\}_{}^{}$ $u_{l,0}(t)$ , $u_{l,j}(t)(j\geq 1)$
, (Frobenius)
. , , ,
$C^{m}\ni(u_{l,0,k})_{0\leq k}\leq r\iota,0;1\leq l\leq d^{arrow u()}\sim t\in \mathrm{K}\mathrm{e}\mathrm{r}_{\mathcal{O}(s_{\infty}},\tau)P$
.
, ? $t\in C,$ $x=$ $(x_{1}, \ldots , x_{n})\in C^{n}$
, Baouendi-Goulaouic ([1]) , (weight) $0$ (Fuchsian)
. ,
$P=P(t.x, Dt, D_{x})=t^{m}D_{t}^{m}$
$+P_{1}(t, X_{\text{ }}.D_{x})tm-\iota D_{t}m-1+\cdots+P_{m_{}}(t, x_{\mathrm{p}}.D_{x})$ . (1.3)
30
$(t, x, D_{x})$ $x$ $j$ $(1 \leq j\leq m)$
$\mathrm{o}\mathrm{r}\mathrm{d}_{D_{x}}Pi(\mathrm{o}, X, D_{x})\leq 0$ $(1 \leq j\leq m)$
. $(t, x)=(\mathrm{O}, 0)$ . ([2] ,




$P$ . , $C(x;\lambda)=0$ $\lambda=\lambda(x)$










$x=0$ $\{\lambda_{l}(0)\}_{l=1}^{m}$ , $\lambda_{l}(x)$ $x=0$
, $Pu=0$ $u\in\overline{\mathcal{O}}$
$u(t,x)= \sum_{l=1}^{m}t^{\lambda}l(x)\sum_{j=0}^{\infty}t^{j}ul,j(t, x)$ , (1.4)
$u_{l,j}(t, X)= \sum_{0k=}^{r_{l,j}}ul,j,k(x)(\log t)k$ $(u_{l,j,k}\in \mathrm{t}9_{0})$ (1.5)
.
. ( , – $\log t$
.) , $r_{l,0}=0(l=1, \ldots, m)$ , $u\iota,\mathrm{o}(t, x)=u\iota,0,\mathrm{o}(X)\in 0_{0}$
, $u_{l,j}(j\geq 1)$ – .
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, – , 1
, . , $C(x;\lambda)=$
$\lambda^{2}-x$ , $t^{\sqrt{x}}+t^{-\sqrt{x}}$ $\frac{t^{\sqrt{x}}-t^{-\sqrt{x}}}{\sqrt{x}}$ .
, , ,
. , $C(x;\lambda)=(\lambda-x)(\lambda-1+x)$ , $\frac{t^{x}-t^{-x}}{x}$





1 $x=0$ . $\Gamma$ ,
$\frac{1}{2\pi i}\int_{\Gamma}\frac{a\lambda+b}{\lambda^{2}-x}t^{\lambda}d\lambda=a\frac{t^{\sqrt{x}}+t^{-\sqrt{x}}}{2}+b\frac{t^{\sqrt{x}}-t^{-\sqrt{x}}}{2\sqrt{x}}$




, , . ,
([4], [5], etc) .
2
(1.1) $P$ . $\lambda_{0}$ 1 . $0=k_{0}<k_{1}<$
.. . $<k_{q}$ $\lambda_{0}+k$ $k$ . $r_{l}$
$\lambda_{0}+k_{l}$ , $R:= \sum_{\iota=0}^{q}r_{l}$ . ,
, $q=0,$ $r_{0}=1,$ $R=1$ .
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$N\in N$ $N\geq k_{q}$ , $\lambda\in C$ $\lambda_{0}$ ,
$P(U)=( \prod_{\nu=0}c(\lambda+\nu))t^{\lambda}=:A(\lambda)t^{\lambda}$ (2.1)
. $A(\lambda)$ $\lambda_{0}$ $R$
.
$C$ , (1.2) u ,
$U=U( \lambda;t)=\overline{U}(\lambda;t)t^{\lambda}=\sum_{j=0}^{\infty}U_{j(}\lambda)t^{\lambda}+j$ , (2.2)
$\ovalbox{\tt\small REJECT}$ $j$ $\lambda_{0}$ (2.3)
’ . , $U_{0}( \lambda).=,\prod_{\nu=1}^{N}C(\lambda+.\nu.)$ $\lambda=\lambda_{0}$ $(R-r_{0})$
, $\overline{U}$ \mbox{\boldmath $\lambda$} $D$ $T>0$ , $D\cross\triangle\tau$
.
$U$ , $\lambda_{0}$ $A(\lambda)$ $R$ , $U_{0}^{(R-r\mathrm{o})}(\lambda_{0})\neq\cdot 0$ ,
$(\partial_{\lambda}^{l}U)(\lambda_{0;}t)(l=R-r0, \ldots, R-1)$ $a_{l}t(\lambda_{0}\log t)l-R+\prime 0(a_{l}\neq 0)$




(1) $\lambda_{0}(x)$ $x$ .
(2) , “ $\lambda$ , $\lambda=\lambda_{0}$ ’ $P$
, $u=(\partial_{\lambda}^{l}U)(\lambda 0;t)$ $Pu=0$ , $x$






$P(U)=A(\lambda)t^{\lambda}$ $U$ , $u=(\partial_{\lambda}^{l}U)(\lambda_{0};t)(l=R-r0, \ldots, R-1)$
, $\lambda_{0}$ $\Gamma$ ,





, $V$ $P(V)=l! \frac{A(\lambda)}{(\lambda-\lambda_{0})^{\iota+1}}t^{\lambda}$ .$\cdot$ $\lambda=\lambda_{0}$
, $0$ , - $V= \sum_{0j=}^{\infty}$ Vj(\mbox{\boldmath $\lambda$})t\mbox{\boldmath $\lambda$} $V_{0}( \lambda)t^{\lambda}=l!\frac{U_{0}(\lambda)t^{\lambda}}{(\lambda-\lambda_{0})^{l1}+}$
$\lambda=\lambda_{0}$ $(l+1-R+r_{0})$ , $0$ .
.
2 $F(\lambda)$ , $V[F]( \lambda;t)=\sum_{j=0}^{\infty}V_{j}-[F](\lambda)t^{\lambda}+j$ $P(V)=$
$F(\lambda)t^{\lambda}$ . ,
$u[ \lambda_{0}, F](t):=\frac{1}{2\pi i}\int_{\Gamma}V[F](\lambda;t)d\lambda$ (3.3)
$Pu=0$ . , $u[\lambda_{0}]_{p}:=u[\lambda_{0\ovalbox{\tt\small REJECT}},(\lambda-\lambda_{0})^{p}](p=0, \ldots, r0-1)$
,
$\lambda 0:C(\cup\{u[\lambda_{0}]\lambda 0)=0p|p=0,$ $\ldots,$




$\lambda_{l}(l=1, \ldots, d)$ $C(\mathrm{O};\lambda)=0$ , $r_{l}$ $\lambda_{l}$
. $\epsilon\geq 0$ ${\rm Re}\lambda_{l}-\epsilon\not\in Z(\forall l)$ . , $L_{\mathfrak{l}}\in Z$
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$L_{l}+\epsilon<{\rm Re}\lambda_{l}<L_{l}+\epsilon+1$ . .
3 $1\leq l\leq d$ , $\mathrm{r}_{l}\text{ }$ $C$ $D_{l}$
$C^{n}$ $\Omega$ , $\Omega$ $E_{l}(x;\lambda)\in \mathcal{O}(\Omega)[\lambda]$
$(1\leq l\leq d)$ .
(a) $\lambda_{l}\in D\iota(1\leq l\leq d)$ , $0\in\Omega$ ,
(b) $\overline{D_{l^{\cap\overline{D}}l}}’=\emptyset(l\neq l’)$ ,
(c) . $l$ , $\overline{D_{l}}\cap\{\lambda_{l’}-_{i}\in C|1\leq l’\leq d,j\in N\}=\{\lambda_{l}\}$ .
( $\{\lambda_{\iota^{J}}-j\in C|1\leq l’\leq d,j\in N\}$ .)
(d) $l$ , $\overline{D_{l}}\subset\{\lambda\in C|L_{l}+\epsilon<{\rm Re}\lambda<L_{l}+\epsilon+1\}$ .
(e) $C(x; \lambda)=\prod\iota=1dE\iota(x;\lambda)$ , $E_{l}(0;\lambda)=(\lambda-\lambda l)r_{l}(1\leq I\leq d)$ .
(f) $l$ , “$E_{I}(x;\lambda)=0,$ $x\in\Omega\Rightarrow\lambda\in D\iota$”.
(g) $x\in\Omega,$ $\lambda\in\bigcup_{l=1}^{d}\mathrm{r}l,$ $j\in N$ , $C(x;\lambda+j)\neq 0$ .
4 $\Omega$ $\Omega’$ F\in 0(\Omega ’) ,
$P(V)=F(X;\lambda)t^{\lambda}$ (4.1)
$V(t, x; \lambda)=V[F](t, X;\lambda)=t^{\lambda}\overline{V}[F](t, X;\lambda)=t^{\lambda}\sum j=0j(\infty Vx;\lambda)t^{j}$ .
, $\Omega’’\mathrm{C}\subset\Omega’$ , $T^{l/}>0$ , $\tilde{V}\in \mathit{0}(\Delta_{T’’}\cross\Omega’’\cross$
( $\bigcup_{l=1}^{d}\mathrm{r}_{\iota))}$ . , $1\leq l\leq d$ ,
$u[l, F](t, X):= \frac{1}{2\pi i}\int_{\mathrm{r}_{l}}V[F](t, x;\lambda)d\lambda(\in \mathit{0}(S_{\infty,T}\prime\prime \mathrm{x}\Omega’’))$ (4.2)
$Pu=0$ , $l$ , F- , $\overline{\mathit{0}}$ $Pu=0$
.
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, $F$ , $(\mathrm{t}9_{0})^{m}arrow \mathrm{K}\mathrm{e}\mathrm{r}_{\mathrm{t}9}\sim\sim P$ . , $C(x;\lambda)=$
$E_{l}(x;\lambda)R\iota(x;\lambda)$ , $\mathrm{f}\mathrm{i}_{p},(x;\lambda):=\partial \mathrm{P}E\iota(\lambda;x\lambda)\cdot Rl(x;\lambda)$ , $u_{l,p}[\varphi]:=u[\iota, \varphi F_{l},]p$
$(\varphi\in 0_{0})$ ,
$( \mathrm{t}9_{0})m\ni(\varphi l,p)1\leq l\leq d;1\leq p\leq flarrow\sum_{p\leq}\sim.ul,p[\varphi_{l,p}.]\in 1\leq\iota\leq d;1\leq r\iota \mathrm{K}\mathrm{e}\mathrm{r}_{\tilde{\mathit{0}}}P$
(4.3)
.
, (0) $\mathrm{K}\mathrm{e}\mathrm{r}_{\overline{0}}P$ , ,
, $u_{l,p}[\varphi]$ , $\varphi(x)_{W_{l}},p(t, x)$ ,
$w_{l,p}(t,x):= \frac{1}{2\pi i}\int_{\Gamma_{l}}\frac{\partial_{\lambda}^{p}E_{l}(_{X,\lambda})}{E_{l}(X,\lambda)}.\cdot t^{\lambda}d\lambda\in \mathrm{K}\mathrm{e}\mathrm{r}_{\tilde{\mathit{0}}}C(_{X};\theta)$
. $\{w_{l,p}(\cdot, X)|1\leq p\leq r_{l}\}$ $x$ $\mathrm{K}\mathrm{e}\mathrm{r}_{\mathrm{O}(\tau}s_{\infty},$ ) $E_{l}(X;\theta)$
, $x$ , 1
. , $x=0$ ,
$w_{l,p}(t, \mathrm{o})=\frac{1}{2\pi i}.\int_{\Gamma_{l}}\frac{(r_{l})_{p}}{(\lambda-\lambda_{l})^{p}}t^{\lambda}d\lambda=(rl)_{p}\frac{1}{(p-1)!}t^{\lambda\iota}(\log t)p-1$
.
5 ,




, , , (4.3)
$\mathrm{K}\overline{\mathrm{e}}\mathrm{r}_{\tilde{\mathrm{O}}}P$ , . (1 1
, .) ,
.
$\overline{V}$ , $u \iota_{p},[\varphi]=:\sum^{\infty}ul,p,j[\varphi]=j=0\sum_{j=0}\tilde{u}\iota,p,j[\varphi]\infty t^{j}\text{ }$ . $.\tilde{u}_{l,p.j}[\varphi]=$
$\frac{1}{2\pi i}\int_{\Gamma_{l}}V_{j}(x;\lambda)td\lambda\lambda,$ $w_{I,pp,0}=ul,[1]=\overline{u}_{\mathfrak{l},p},0[1]$ .
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$\epsilon\geq 0$ “$C(x;\lambda)=0(x\in\Omega)\Rightarrow{\rm Re}\lambda-\epsilon\not\in Z$”
, .
6 $\theta>0,$ $T>0$ $X$ ,
$S_{\theta,T}:=\{t\in S_{\infty,T}||\arg t|<\theta\}$ ,
$W[\theta](T;^{x}):=\{\phi\in \mathit{0}(S\theta,T;X)|$ $0<\theta’<\theta,$ $l\in N$ ,
$(\theta^{l}\phi)(t)arrow 0$ in $X$ ( as $tarrow \mathrm{O}$ in $S_{\theta’},\tau$ ) $\}$




7 $\Omega’$ $\Omega$ , $\theta,$ $T>0$ .






$B(x;D_{x})$ $\mathit{0}(\Omega’)$ $x$ ,
$B(x;D_{x})(W^{()}(\theta,\tau(9L(\Omega’)))\subset W_{\theta}^{()l},(L\tau 19(\Omega))$.
(3) + $L$ , $\mathrm{K}\mathrm{e}\mathrm{r}0(s_{\theta,\tau}\mathrm{X}\Omega’)P\cap W_{\theta,\tau(}^{\mathrm{t}L)}\mathit{0}(\Omega’))=\{0\}.$
’
(4) $g\in W_{\theta,T}^{(L)}(\mathit{0}(\Omega’))$ , $C(x;\theta)v=g$ $v\in W_{\theta T}^{(L)\prime}-,(o(\Omega’))$
. ( , $W_{\theta,T}^{(L)}(\mathit{0}(\Omega))$ , $\epsilon$
.)
(5) $w_{l,p}\in W_{\theta,T}^{(}\iota)(L(\mathit{0}\Omega’))$ . ( $L_{l}\in z\iota\mathrm{h}$ “$E$} $(X;\lambda)=0\Rightarrow L_{l}+\epsilon<{\rm Re}\lambda<L_{l}+1+\epsilon^{e}’$
.
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.) , $\varphi\in \mathit{0}(\Omega’\Gamma_{l}\cross)$ , $u_{l,p,j}[\varphi]\in$
$W_{\theta}^{\langle L},(\tau^{l+j)\prime}\mathit{0}(\Omega))$ .
(6) $u\in W_{\theta,T}(L)(\mathrm{t}9(\Omega’))$ $C(x;\theta)u=0$ , $\varphi\iota_{P},\in \mathit{0}(\Omega’)(1\leq l\leq d$ ,
$L_{l}\geq L,$ $1\leq p\leq r_{l})$ ,
$u= \sum_{1\leq l\leq d;Ll\geq L;1\leq p\leq r\iota}\varphi l,p(X)w\iota,p(t, X)$
.
(1) , ( ) (personal communication).
, ( ) ([3]) .
, (4.3) .
.
[ ] $u\in \mathrm{t}9(S_{\theta,T}\mathrm{x}\Omega’)$ , $Pu=0$ . (1) , $L\in Z$
$u\in W_{\theta,T}(L)(o(\Omega’))$ . $R:=P-C(x;\theta)$ , (2) $Ru\in$
$W_{\theta,T}^{(1);}L+(\mathrm{o}(\Omega))$ . (4) , $v\in W_{\theta,\tau}^{(+1)}L((9(\Omega^{J}))$ $C(x;\theta)v=$
$-Ru$ , $u-v\in \mathrm{K}\mathrm{e}\mathrm{r}_{\mathcal{O}(s_{\theta,\tau}}\mathrm{X}\Omega’$ ) $C(X, \theta)$ . $u-v\in\nu V_{\theta,T}(L)(\mathrm{o}(\Omega’))$
, (6) $\varphi_{l,p}[0]\in \mathit{0}(\Omega’)(1\leq l\leq d, L_{l}\geq L, 1\leq p\leq r_{l})$
$u-v= \sum_{\leq_{P}1\leq l\leq d,Ll\geq L1\leq r\iota},\varphi l,.p[\mathrm{o}]wl,p$
.
$u[1]:=u- \cdot\sum,u\iota,p[\varphi l1\leq t\leq d,$$L_{l}\geq L1\leq\dot{p}\leq r\iota’ p[\mathrm{o}]]$
, $P(u[1])=0$ ,
$\Omega’$ $u[1]\in W_{\theta,T^{+}}^{(\dot{1})\prime}L(\mathcal{O}(\Omega))$ (5) .
, $\Omega’$ $T$ , $\varphi_{l,p}[1]\in \mathrm{t}9(\Omega^{J})$ $u[2]:=$
$u[1]- \sum_{l},pul,p[\varphi_{l},p[1]]\in \mathrm{K}\mathrm{e}\mathrm{r}_{\{9(S}\mathrm{x}\Omega’)P\theta,T\cap W_{\theta,T^{+}}(L2)(\mathrm{o}(\Omega’))$ . ,
$u[N]\in \mathrm{K}\mathrm{e}\mathrm{r}_{(9(S_{\theta}},\mathrm{x}\Omega’{}_{)}P\tau\cap W\theta(,Li\mathrm{v}T^{+)}(\mathcal{O}(\Omega’))$ $u[N]=u- \sum_{l,p}u\iota_{p},[\varphi\iota_{P},]$ $( \varphi_{l,p}\in \mathcal{O}(\Omega’))$
.
(3) , $N$ $u[N]=0$ , $u$ $u=$




[1] M. S. Baouendi and C. Goulaouic, Cauchy problems with characteristic initial
hypersurface, Comm. Pure Appl. Math. 26 (1973), 455-475.
[2] M. Kashiwara and T. Oshima, Systems of differential equations with regular
singularities and their boundary value problems, Ann. of Math. (2) 106 (1977),
145-200.
[3] S. $\overline{\mathrm{O}}$uchi, Growth property and slowly increasing behavior of singular solutions
of linear partial differential equations in the complex domain, to appear.
[4] H. Tahara, Fuchsian type equations and Fuchsian hyperbolic equations, Japan.
J. Math. $(\mathrm{N}.\mathrm{S}.)5$ (1979), 245-347.
[5] –, Singular hyperbolic systems, V. asymptotic expansions for Fuchsian
hyperbolic partial differential equations, J. Math. Soc. Japan 36 (1984), 449-
473.
39
